Abstract: Whispering-gallery-mode (WGM) microresonators. reveal enormous potential applications in fields ranging from micro/nano-optics, integrated and quantum optics, to optical precision measurements. In this paper, we propose a novel cascaded WGM microresonator which is composed of two partially overlapped microbottle resonators. The distribution property of mode intensity and the variation characteristic of quality factors (Q factors) were analyzed theoretically, and demonstrated by evanescently exciting the microresonator with a tapered fiber at different axial positions. Based on the cascaded microbottle resonator, a stable add-drop filter was demonstrated, and the effective excitation properties of the modes in the microresonator were discussed for the first time. Due to the larger axial dimension, the proposed WGM microresonator could also find applications in strain sensors and time delay devices.
Introduction
Optical whispering-gallery-mode (WGM) resonators [1] , with symmetric structures that confine light by continuous internal reflection, have been widely investigated due to their small mode volume and high quality factors (Q factors). To date, several dielectric WGM structures have been proposed and demonstrated, such as microsphere [2] , [3] , microdisk [4] , microtoroid [5] , [6] , microcylinder [7] , and microbottle [8] - [10] resonators. Among these, microbottle resonators are able to sustain a truly 3-D confinement of light, where the WGMs exist not only along the equator of the structure, but also along the axial direction, resulting in very dense spectral features [11] . The modes in the axial direction harmonically oscillates back and forth between the two well separated spatial regions, which is called the turning points. Furthermore, the resulting axial standing wave structure exhibits a significantly enhanced intensity at the turning points of the harmonic motion. Additionally, the axial free spectral range (FSR) of WGMs in a microbottle resonator is about one order of magnitude smaller than that of microsphere resonator with an equal diameter, which could be useful for tuning the WGM to a required wavelength [12] . All of these unique properties make the microbottle resonator of great interest for nanoparticle detection [13] , sensing [14] , cavity quantum electrodynamics studies [12] , microlasers [15] , and optical add-drop filters [16] , [17] .
In this paper, we propose a new dielectric WGM microresonator-a cascaded microresonator consisting of two partially overlapped microbottle resonators-and describe its fabrication using the "soften-and-compress" technique. The axial intensity distribution of the microresonator was investigated theoretically, on the basis of a modified harmonic oscillator shape profile. Additionally, the resonant spectrum properties of the cascaded microbottle resonator were studied under varying excitation positions along the microresonator axis.
Due to its unique structure, the proposed cascaded microbottle resonator could have numerous applications. For instance, the cascaded microresonator possesses a longer axial length than a microbottle resonator, which could be utilized in strain sensors to yield a wider measurement range. The relatively longer light confinement time of the cascaded microresonator could also be recognized, revealing applications in time delay devices. Here, we present an add-drop filter (ADF) based on the cascaded microbottle resonator, and we report that the effective excitation of the modes in the microresonator was achieved by varying the excitation positions.
Fabrication
The proposed WGM cascaded microresonator was fabricated by the "soften and compress" technique using a standard fusion splicer (Filter S178C, Japan). A short section of continuous single mode fiber (SMF-28, Corning, USA) was adopted and several splicer actions were exploited on a small region to prepare a bottle microresonator [11] . After the fabrication of another bottle resonator several hundred micrometers away from the former one on the same continuous fiber, a robust cascaded microresonator with two partly overlapped microbottle resonators was manufactured. The shape profile of the fabricated cascaded microbottle resonator can be characterized by the bottle diameter D b , the half-bottle length L b , and the bottle-to-bottle distance L. Figure 1 shows a microresonator with dimensions of
μm, and L = 280 μm. Generally, the bottle shape and overlap degree could be well-controlled by adjusting the fabrication parameters, and a cascaded microresonator with two asymmetric microbottle profiles could also be realized by varying the softening and compression parameters.
Theoretical Derivation and Analysis
After fabrication, a full-scale wave equation calculation is presented to analyze the axial intensity distribution of the cascaded microbottle resonator. The shape of the microresonator shown in Fig. 1 has been fitted with the modified harmonic oscillator profile, which can be expressed by the following equations under the condition that the center of the cascaded microresonator is regarded as the axis zero:
(1) 
where k = 2πn/λ 0 is the wave number of the electromagnetic field with vacuum wavelength λ 0 and medium refractive index n,
is the azimuthal components of the wave factor with azimuthal quantum number m.
, where p is the radial quantum number and α p is the pth root of the Airy function. Consequently, the wave equation takes the form
for
where
is the kinetic energy and
is the potential energy with E mp = 2U mp k/R b . The square integrable property of Z (z) results in the discrete set of kinetic energy levels E kin = E mp q = (q + 1/2) E mp , where q represents the axial quantum number. The solution for Z (z) is given by the following expression:
, and H q is the qth order Hermite Polynomial.
Finally, the resonant wavelength of a WGM can be calculated as corresponding to the condition that the tapered fiber was positioned approximately 80 μm away from the bottle center. It can be seen in Fig. 2(c) that the kinetic energy of mode 1 was lower than the potential at the cascaded resonator center (point A). Therefore, the modes with turning points of approximately 80 μm were unable to cross the resonator center and were restricted to the excitation bottle. The normalized axial intensity distribution, the corresponding potential (blue solid line), and kinetic energy (blue dashed line) of mode 2 (m = 330, p = 1, q = 477) with a resonant wavelength of 1551.2 nm and a turning point of 160 μm (red dashed line) are shown in Figs. 2(b) and (d), respectively. It can be seen in Fig. 2(d) that the kinetic energy of the mode with a turning point of around 160 μm was larger than the potential at the resonator center (point B), resulting in the intensity distribution depicted in Fig. 2(b) . Additionally, as the turning point was moved closer toward the bottle neck, the difference between the mode energy and the maximum value of the mode potential narrowed. As a result, it became easier for the modes to leak into the fiber stems, leading to the decrease of the Q factors. The modes with radial quantum number p = 1 is only considered here. As can be demonstrated, the corresponding phenomenon of modes with larger p reveal the similar characteristics.
Characterization
To characterize the fabricated microresonator experimentally, a low-loss tapered fiber with a waist diameter of approximately 3.5 μm, which was fabricated using the modified flame brushing technique [18] , was used to couple light into and out of the cascaded microbottle resonator. A translation stage was used to place the microresonator in physical contact with, and perpendicular to, the tapered fiber. Although this would overload the microresonator and reduce the Q factor, it provided a robust coupling and a stable transmission spectrum, which were produced by the electrostatic force and the static friction force. The relative positions of the microresonator and the tapered fiber were controlled using the translation stages and with the help of a CCD camera.
A tunable external cavity laser (New Focus Velocity 6728, linewidth < 200 KHz, USA) was used to analyze the resonance spectrum of the cascaded microbottle resonator. The output of the tapered fiber was monitored using an InGaAs detector (New Focus 1811-FC-AC, USA) that was connected to an oscilloscope in order to observe the WGM spectrum. A polarization controller was utilized to control and stabilize the polarization state of the launched light. Figure 3 shows the resonance spectra of the cascaded microbottle resonator when a tapered fiber was coupled at (a) center of the lower bottle, (b) 80 μm and (c) 160 μm away from the center of the lower bottle. Because of the symmetric shape profile distribution of the two partially overlapped bottles, only the excitation characteristics of the lower bottle were considered. As shown in Fig. 3 , the transmission spectrum of the cascaded microresonator is complex and dense, which is consistent with that of microbottle resonators. Due to the differences in modal selective excitation, the modal density of the transmission spectra shows apparent differences as the tapered fiber was moved from the bottle center to the neck. Additionally, an obvious azimuthal FSR of 3.13 nm can be observed in Fig. 3(a) , which is defined as the wavelength difference between adjacent two azimuthal modes, and as large as that of an equatorial WGM microresonator with the same diameter (∼170 μm). The FSR could be calculated as λ = , and could be increased by using resonators with smaller diameter. The calculated Q factors of the cascaded microbottle resonator at varying excitation positions show that the Q factor decreased from 7.25 × 10 6 to 4.54 × 10 6 as the tapered fiber was moved towards the bottle neck, which could be explained by theoretical analysis.
A supercontinuum spectrum fiber laser (YSL Photonics SC-5, China) was used to investigate the intensity distributions of the cascaded microbottle resonator that were induced by light scattering, as shown in the inserts of Fig. 3 . It can be clearly seen that, when the tapered fiber was positioned 80 μm away from the center of the lower bottle, the intensity maxima on both sides of the corresponding turning points were observed in the same bottle. However, when the tapered fiber was positioned 160 μm away from the center of the lower bottle, the symmetrically distributed turning point was confirmed at approximately 160 μm away from the center of the upper bottle, which is consistent with the intensity distribution shown in Fig. 2(b) . In this case, the excited WGMs in the cascaded structure oscillated back and forth between the turning points in the two bottles and experienced a longer light path, a feature which implies potential applications in time delay devices [19] .
Add-Drop Filter Based on the Cascaded Microresonator
Optical ADFs that insert or remove wavelengths from a broad optical signal are key components in optical signal processing systems and optical communications. Specifically, ADFs that use WGM microresonators possess great potential for practical applications, as these resonators have high quality factors and can be coupled with waveguides commonly used in optical communications. Here, an ADF based on a cascaded microbottle resonator is presented, with a second tapered fiber introduced to the coupling system functioning as the probing waveguide. Figure 4 illustrates the schematic of the cascaded microbottle resonator ADF, where the dashed lines represent the bottle centers. Both the excitation fiber (the blue line) and probing fiber (the red line) are kept in physical contact with the resonator to provide stable coupling and resistance to exterior disturbances. Light at resonant wavelength launched into the input port is transferred to the drop port via the microresonator, while non-resonant wavelengths are transmitted through the launch fiber to the throughput port with minimal power loss. The signals from the throughput port and the drop port are simultaneously detected using InGaAs detectors.
Firstly, in our experiment, the cascaded microresonator was excited 80 μm away from the center of the lower bottle. Figs. 5(a) and (b) show the transmission spectra of the throughput port (blue line) and the drop port (red line) when the probing fiber was positioned at the center and 80 μm away from the center of the lower bottle, respectively. Compared with Fig. 5(a) , higher drop efficiency was acquired in Fig. 5(b) , when the probing fiber was positioned at the symmetrical position of the excitation fiber relative to the lower bottle center. The explanation for this can be obtained from Fig. 6 , which depicts the measured drop efficiencies of mode 1 and mode 2 corresponding to the various positions of the tapered fiber along the lower bottle. In Fig. 6 , it can be seen that the drop efficiencies of both mode 1 and mode 2 reached their minimum values at the bottle center, which is consistent with the general WGM distribution features of a microbottle resonator [12] . In particular, the maximum drop efficiency of mode 1 appears 80 μm away from the lower bottle center, corresponding to a turning point of approximately 80 μm and an effective excitation that can be attributed to the strong overlap with the evanescent field of the input tapered fiber. However, this parameter was different for mode 2, whose maximum drop efficiency was occurred 96 μm away from the bottle center. It can therefore be concluded that mode 2 possessed a greater axis mode number and a farther turning point, and could be efficiently excited when the excitation fiber was positioned 96 μm away from the bottle center. The maximum drop efficiency of mode 1 is around 50%, which is in the same range with the add-drop filter based on microsphere [20] , [21] , microbottle [17] or microtoroid [22] resonator. Additionally, the drop efficiency could be further improved by adjusting the excitation position or optimizing the relative distance between the resonator and the tapered fibers to the critical coupling. When the probing fiber was 80 μm away from the center of the upper bottle (Fig. 5(c) ), no drop power was detected, which could be due to the confinement of the modes induced by the lower bottle. Additionally, the Q factor of mode 1 is calculated to be 4.94 × 10 6 , and the corresponding full width at half maximum (FWHM) is 0.314 pm. Mode 2 is confirmed to be with Q factor of 3.5 × 10 6 and FWHM of 0.439 pm. Next, the cascaded microresonator ADF was excited 160 μm away from the center of the lower bottle and the corresponding transmission spectra of the throughput port (blue line) and the drop port (red line) were investigated, as shown in Fig. 7 . No drop power was detected when the probe fiber was positioned at the center or 80 μm away from the center of the lower bottle, which can be observed in Figs. 7(a) and (b) , respectively. The physical reason behind this observation lies in the fact that a mode field with a large q-number will oscillate rapidly near the resonator center, resulting in a very small field overlap with the detection fiber and negligible coupling efficiency. However, a distinct drop power was detected when the probing fiber was positioned 160 μm away from the center of the upper bottle (Fig. 7(c) ). According to the mode drop efficiency distribution corresponding to the upper bottle center shown in Fig. 8 , the maximum value occurs approximately 166 μm away from the bottle center for mode 1, and 193 μm away for mode 2. With the addition of the higher maximum drop efficiency of mode 1, the effective excitation of this mode can also be concluded. Furthermore, the maximum drop efficiencies of the modes shown in Fig. 8 are lower than those of the modes depicted in Fig. 6 , which can also be attributed to greater leakage into the fiber stem. The calculated Q factors and FWHMs for modes 1 and 2 are 7.5 × 10 5 , 2.05 pm, and 4.66 × 10 5 , 3.32 pm, respectively. These analyses give a clear insight into the nature of the optical modes exhibited in cascaded microbottle resonators and open up potential for the realization of optical filters, optical switchers, and optical signal processing. [23] , [24] 
Conclusion
In this paper, we reported a new cascaded WGM microresonators consisting of two adjacent, partially overlapped microbottles. The mode distribution of the cascaded microresonator was investigated theoretically and demonstrated experimentally. The turning points were observed at symmetric positions in the two bottles for varying excitation positions, and the Q factor of the WGMs decreased as the tapered fiber was moved toward the bottle neck. Furthermore, a stable ADF based on the cascaded microbottle resonator was presented, and the effective excitation of modes in WGM microresonators was demonstrated for the first time through the mode drop efficiency distribution. The add-drop filter presented here shows better performance compared with the filters based on fibers [25] , [26] . For example, the Q factor of cascaded microbottle filter could be reach 10 6 , which is hundreds of that based on fiber, and higher Q factor represents the higher add or drop wavelength resolution. The drop efficiency of our filter is also much higher than the filter based on fibers, revealing much more higher filter performance. Moreover, our filter is easier to fabricate, which could be more suitable for practical applications. The add-drop filter could work effectively as long as the WGMs could be formed and preserved in the resonator. To the authors' knowledge, the whispering gallery modes microresonator with a diameter of about 170 μm could support modes in a wavelength range from ultraviolet to infrared, corresponding to the frequency range from 30 THz to 1500 THz. The proposed WGM microresonator reveals a simple fabrication process and a low cost for practical applications, ranging from strain sensors, time delay devices to all-optical network devices.
